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   It is well known that the radial Schrodinger equation 
                               ( ) ( )( )2 2 2 1 2l ld u u m E V r udr r
+− + − − = 0                                          (1) 
is obtained from the full 3-dimensional Schrodinger equation 
                                     ( ) ( )( ) ( )2r m E V r rψ−Δ − − =? 0ψ ?                                              (2) 
after the separation of variables in spherical coordinates [1, 2] 
    As central potentials ( ) ( )V r V r=?  play an important role in physics, consequently the 
radial equation (1) was applied successfully in many problems. 
  We mention, that the transition from Cartesian to spherical coordinates is not 
unambiguous, because the Jacobian of this transformation 2 sinJ r θ= is singular at 
 and . Angular part is fixed by the requirement on continuity 
and uniqueness. This gives the unique spherical harmonics
( )0,1, 2,...n nθ π= = 0r =
( ),mlY θ ϕ . 
   As regards of radial variable we remark, that  in full Schrodinger equation is an 
ordinary point, but in the radial equation it is a point of singularity and knowledge of 
some boundary behavior is necessary. 
0r =?
  Recently much attention has been devoted to the problems of Self-adjoint extension  
(SAE) for the inverse squared 2r−  behaved potentials in the Schrodinger equation [3]. 
These problems are interesting not only from academic standpoint. Numbers of 
physically significant quantum-mechanical problems manifest such a behavior. 
Hamiltonians with inverse squared like potentials appear in many systems and they have 
sufficiently rich physical and mathematical structures. Moreover earlier, at 60-ies of 
previous century singular potentials were the subject of intensive studies in connection 
with non-renormalizable field theoretic models. Sufficiently exhaustive reviews to 
singular potentials for that time are [4-6]. 
 1
    It turned out that there are no rigorous ways in deriving some boundary condition for 
the radial wave function ( )u r  at the origin 0r = in case of singular potentials.  
rigin. Of 
s
patible with the primary full Schrodinger equation, but in our 
    Therefore many authors content themselves by consideration only a square 
integrability of radial wave function don’t pay attention to its behavior at the o
course this is permi sible mathematically and the strong theory of linear differential 
operators allows such an approach [7-8]. There appears so-called SAE physics, in the 
framework of which among physically reasonable solutions there appear also many 
curious results, such as bound states in case of repulsive potential [9] and so on. We think 
that these highly unphysical results are caused by the fact that without suitable boundary 
condition at the origin a functional domain for radial Schrodinger Hamiltonian is not 
restricted correctly [10].  
   Now we want to show that there is physically very transparent way to find needed 
restrictions.  
   In many classical books on quantum mechanics it is underlined that the final radial 
equation must be com
opinion this consideration is not extended to any concrete results [2,11,12] . Though 
discussion often beats about bush conclusions mainly are cautiously (see, e.g. book of R. 
Newton[13]).  It seems that some significant thing is missing without deeper exploration 
of the idea of compatibility.  
   Arming with this idea let us look at derivation of the radial wave equation in more 
detail. Remembering that  
                                     ( ) 2 i if g g f f g f gΔ ⋅ = Δ + ∇ ⋅∇ + Δ                                              (3) 
where f  and g  are arbitra r . Let us choose  ry two-fold differentiable functions of
1                               ( )f u r=            and             g
r
=                                                     (4) 
   This choice evidently corresponds to the commonly used representation  
( )                         ( ) ( ) ( ) ( ), ,m ml lr R r Y Yr
u rθ ϕ θ ϕΨ = =?                                                  (5) 
count that  
   
   Taking into ac
 ( ) ( )31 4 r
r
πδ⎛ ⎞Δ = −⎜ ⎟⎝ ⎠
?                                             ,                                                        (6) 
            
we obtain   
 ( ) ( ) ( )331 2 4u u r u rr r r πδ⎛ ⎞Δ = Δ − ⋅∇ −⎜ ⎟⎝ ⎠ u
?? ?                                                             (7) 
But r r ∂⋅∇ =??      an
r∂ d  
   ( ) ( ) ( )
2
2u r⎛ ⎞Δ ⎜ ⎟ ,2 2 21 1 2u ur u r u rr r r r r r rθ ϕ
∂ ∂ ∂ ∂= + Δ = +∂ ∂ ∂ ∂⎝ ⎠  
erefore  
          
Th
 ( ) ( ) ( )2 321 1 4u d u u r rr r dr r π δ
⎛ ⎞Δ = −⎜ ⎟⎝ ⎠
? ,                                                     (8)                         
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because ( )u r  depe erentiation appears instead of partial 
one. 
nds only on and ordinary diffr  
      After substituting into full Schrodinger equation (2), it follows equation for ( )u r : 
( ) ( ) ( ) ( ) ( ) ( )( ) ( )32 2 4 2u r u r r m E V r u rdr r π δ− + + − − =                        ( )
2 1
0
d u r l l + ?         (9) 
The term with 3-dimensional delta-function must be comprehended as integrated by 
means of 3d r =? 2 sinr dr d dθ θ ϕ . On the other hand [14] 
                           ( ) ( ) ( ) ( ) ( )3 1r r
J
δ δ δ ϕ δ θ=?                                                                (10) 
Taking into account all above m ns, one is faced to the following equation 
( )
entioned relatio
           ( ) ( ) ( ) ( )( ) ( )2d u r2 2dr r
1
4 2 0
l l
u r u r m E V r u rπδ+− + + − − =                             (11) 
    Comparing to the commonly used radial equation (1) we see that the extra term with 
unction remains. The only reasonable way to remove this u
         
( )rδ  f ndesirable term lies in 
the requirement  
                                          ( )0 0u = ,                                                                      (12) 
if we don’t want modify the Laplace operator or include compensating delta term in the 
potential ( )V r [5].  
      Therefore we conclude that the radial equation for ( )u r  is compatible with the full 
Schroding uatioer eq n if and only if the boundary condition ( )0 0u =  is fulfilled. The 
 (12radial equation (1) together with boundary condition ) is equivalent to the full 
Schrodinger equation (2). 
      Some comments are in order now: Equation for ( )R r  has its usual form. Problem 
with delta function arises in the course of elim  the first derivative term. But ination of
derivation of boundary behavior from this equation is as problematic as for ( )u r from Eq. 
(1). But now, after the (12) is established, it follows that the full wave function ( )R r   is 
less singular at the origin than 1r− . It is also remarkable to note that the dary 
condition (12) is valid whether potential is regular or singular. Different potentials can 
only determine the possible way of tending to zero of 
boun
( )u r   at the origin. 
        It seems very curious that this fact was unnoticed up to now in spite of great numbers
of discussion [2,5,6,11,12].   Having this boundary condition many proble
 
ms can be solved 
by taking it into account. It is remarkable that results obtained earlier for regular potentials 
remain unchanged, because this boundary condition was used in such problems. On the 
other hand, for singular potentials this condition would have drastic influence. For 
example, there is the subject of discussion how to be with lr− solution, when 0l = , even for 
regular potential. According to obtained boundary condition this term must be ignored. 
Many authors neglected boundary condition on the whole and were satisfied only by square 
integrability. But in this case after penetration to the forbidden regions and after performing 
a self-adjoint procedure they earn curious unphysical results. 
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 Kvinikhidze and Parmen Margvelashvili for valuable 
iscussions.  
                  
References 
 
1. See e.g. L.Schiff. ”Quantum M w York-Toronto-London. MC Graw-
Hill Book Company (1955). 
2177 (2008). 
v. Mod. Phys., 43, 36 (1971). 
c Quantum Theory”. 
5, 4560 (2004). 
nmechanik”, -in: Handbuch der 
ory of Waves and Particles”, New York-Toronto-
 
     ACKNOWLEDGEMENTS:  
 
      We want to thank Profs. Sasha
d
 
 
  
echanics”. Ne
2. P.A.M. Dirac. “The Principles of Quantum Mechanics”, 4th Edit. Oxford (1958). 
3. P.Giri. Mod. Phys. Lett. A23,
4. K.Case. “Singular Potentials”. Phys. Rev., 80, 797 (1950). 
5. W.M. Frank et al. “Singular Potentials”.  Re
6. A.T. Filippov. “Singular Potentials in Non-Relativisti
Sov.Journ.- Phys. Elem. Particles and Atomic Nuclei, Vol.10, 501 (1979). 
7.  N.Akhiezer, I.Glazman. “Theory of Linear Operators in the Hilbert 
Space”.Nauka, Moscow (1966). 
8. T.Kato. “Perturbation Theory for Linear Operators”. Springer-Verlag (1966). 
9. H.Falomir et al., J. Math. Phys. 4
10. T.Nadareishvili, A.Khelashvili. ArXiv: 0903.0234, math-ph (2009). 
11. W.Pauli. “Die Allgemeinen Prinzipen der Welle
Physik. Bd.5. Berlin (1958). 
12. A. Messiah. “Quantum Mechanics”. Amsterdam (1958). 
13. R. Newton. “Scattering The
London. MC Graw-Hill Book Company (1966).  
14. J.D. Jackson. “Classical Electrodynamics”, third Ed., John Wiley &Sons,Inc. 
(1999), p.120. 
